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Abstract
Mathematical modeling of heat distribution with phase transitions is usually described by the
Stefan problem. For north regions that situated on permafrost soils very common problem is
to build constructions taking into account thawing process on soil. In this work we solve heat
equation with phase transition numerically using ﬁnite elements method. Approximation was
veriﬁed on one-dimensional problem by comparing with the analytical solution. Solver can be
used on unstructured meshes with subdomains on two-dimensional problems. As a practical
application, computational algorithm was used to forecast inﬂuence of construction heating to
permafrost front of melting.
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1 Introduction
Constructions on the permafrost are built taking into account the process of thawing / freezing
in the soil. Under the inﬂuence of seasonal heating frozen ground under the building starts to
melt. So there will be a building foundation settlement, which could lead to a crash impact. In
the Far North regions foundation of the building is constructed on the basis of piles – concrete
rods, which go deep into the ground and lift up the foundation releasing the heat over the
surface of soil.
Mathematical modeling of heat and mass transfer is described in works [3], [4], [7], [9], [10].
A typical model of a phase transition is the Stefan problem. Usually problems of such type
are deﬁned with explicit Stefan condition on moving boundary. Discretization is often made
using ﬁnite diﬀerence method, and there is a problem of tracking moving boundary. Especially
it occurs when problem has two or three dimensions. And basic approach is to catch that
moving boundary into the grid node by calculating time step. Another bypass is to convert
source problem deﬁnition into equation with discontinuous coeﬃcients, that will include the
Stefan condition. So that one is not worried about tracking moving boundary. We use that
modiﬁed heat equation. Another fact is that soil properties are not uniform, the maximum that
one can do is to split it into groups with similar properties. Again, ﬁnite diﬀerence method is
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complicated to deal with unstructured meshes. And ﬁnite elements method has advantage in
calculating with taking into account subdomains properties.
Model was converted into variational formulation, then it was approximated using poly-
nomial Lagrange ﬁnite elements of ﬁrst order. On discontinuous zone for moving boundary,
there was coeﬃcients artiﬁcial smoothing and Dirac delta function was approximated by delta-
like function. Veriﬁcation of model was made by comparing with analytical solution for one-
dimensional problem. Research on convergence by mesh size was done as well as time step. As
a practical application of solver there is a problem of forecasting heat distribution under the
construction that has underground room. In winter heating soil surrounding the room starts
to melt, and the question for engineers is how far this melted zone will go down. Considering
that forecast they can propose some isolation or cooling techniques for saving environment soil
stable frozen.
2 Mathematical model
Heat distribution with phase transitions is described with this equation [7]
(cρ+mρνLδ(u− um))∂u
∂t
= div(λ gradu) + f(x, t),
x ∈ Ω, 0 < t  T.
(1)
Where u = u(x, t) — is unknown temperature ﬁeld function, um — temperature of phase
transition, c — speciﬁc heat capacity, ρ = ρ(x) — environment density, m — porosity, ν —
total water saturation, L — latent heat, δ(u − um) — Dirac’s delta function, λ = λ(x, t) —
thermal conductivity, f(x, t) — internal heat sources, T — end time. Geometry Ω is arbitrary
space, in this work we use one and two-dimensional problem.
Coeﬃcient in equation (1) are peacewise smooth functions with a break at the point of phase
transition
cρ =
{
(cρ)L, u > um,
(cρ)S , u < um,
λ =
{
λL, u > um,
λS , u < um,
where cL = cL(x), λL = λL(x) — coeﬃcients for thawed zone; cS = cS(x), λS = λS(x) —
for frozen zone. In addition with equation there are diﬀerent types of boundary conditions on
boundary Γ = {Γ1 ∪ Γ2 ∪ Γ3}
u(x, t) = g1(x, t), x ∈ Γ1,
−λ∂u
∂n
(x, t) = g2(x, t), x ∈ Γ2,
−λ∂u
∂n
(x, t) = α(u− g3(x, t)), x ∈ Γ3,
(2)
where α is air heat exchange coeﬃcient.
Initial temperature distribution at moment t = 0 is
u(x, 0) = u0(x), x ∈ Ω ∪ Γ. (3)
3 Approximation
Numerical solution of problem (1) - (3) is gathered using ﬁnite elements method. Let H(Ω) —
Sobolev space consisting of functions w such that w2 and |∇w|2 has ﬁnite integral in Ω. We
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deﬁne Vˆ , V as subspaces of H(Ω):
V = {w ∈ H(Ω) : w|Γ1 = g1},
Vˆ = {w ∈ H(Ω) : w|Γ1 = 0}.
(4)
We multiply (1) to test function v ∈ Vˆ , where u ∈ V . And result is integrated over Ω using
Green formula.
∫
Ω
(cρ+mρνLδ(u− um))∂u
∂t
v dx = −
∫
Ω
(λ gradu, grad v) dx+
+
∫
Γ2
λ
∂u
∂n
v dx+
∫
Γ3
λ
∂u
∂n
v dx+
∫
Ω
fv dx.
Integral on boundary Γ1 is zero by deﬁnition (4) of subspace Vˆ . We substitute boundary
conditions values from (2) in integral over Γ2, Γ3. So, the problem (1) — (3) is transformed
into variational problem — ﬁnd u ∈ V , such that
∫
Ω
(cρ+mρνLδ(u− um))∂u
∂t
v dx = −
∫
Ω
(gradu, grad v) dx+
−
∫
Γ2
g2v dx−
∫
Γ3
α(u− g3)v dx+
∫
Ω
fv dx, v ∈ Vˆ .
(5)
Approximation of time dependent derivative ∂u∂t is done using standard ﬁnite diﬀerence. We
introduce regular time grid
ωt = {tn = τn, n = 0, 1, ..., N, τN = T}.
In practice, phase transition occurs in some surrounding of phase transition temperature.
For approximation we replace delta function δ(u−um) into delta-like function δ(u−um,Δ)  0,
where Δ is parameter of semi interval of smoothing [6]
δ(u− um,Δ) =
⎧⎨
⎩
0, |u− um| > 0,
1
2Δ
, |u− um|  0.
Discontinuous coeﬃcient c is replaced on interval [um−Δ, um+Δ]. Here linear interpolation
was used for smoothing
(cρ)Δ =
⎧⎪⎪⎨
⎪⎪⎩
(cρ)S , u < um −Δ,
(cρ)S +
((cρ)L − (cρ)S)(u− um +Δ)
2Δ
, |u− um|  Δ,
(cρ)L, u > um +Δ.
Coeﬃcient λ was approximated similarly.
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Let Vh ⊂ V and Vˆh ⊂ Vˆ be ﬁnite size subspaces from the grid. Variational problem (5) is
converted to discrete problem. Find function un+1 ∈ Vh from problem
a(un+1, v) = L(v), v ∈ Vˆh, n = 0, 1, . . . , N − 1,
u0 = u0(x),
(6)
where forms a(·, ·) and L(·) are set as
a(u, v) =
∫
Ω
c˜(un)
u
τ
v dx+
∫
Ω
(λΔ gradu, grad v) dx+
∫
Γ3
αuv dx,
L(v) =
∫
Ω
c˜(un)
un
τ
v dx−
∫
Γ2
g2v dx+
∫
Γ3
αg3v dx+
∫
Ω
fv dx,
c˜(u) = (cρ)Δ +mρνLδ(u− um,Δ).
Instead of functions f , g2, g3 we use their mesh approximations.
4 Numerical results
Numerical solver was implemented with FEniCS [11] library using Python programming lan-
guage. Basically library is intended to solve diﬀerential equation with partial derivatives using
ﬁnite elements on unstructured meshes. First, we deal with veriﬁcation of the model by com-
paring numerical solution for one-dimensional problem with analytical. Another example is
application of solver to practical problem.
4.1 One-dimensional problem
To verify our discretization we compare numerical calculation with exact solution. Analytical
solution for the Stefan problem exists only for one-dimensional problem on semi-inﬁnite line.
Consider melting process with the moving boundary ξ(t)
cLρ
∂u
∂t
= λL
∂2u
∂x2
, 0 < x < ξ(t), t > 0,
cSρ
∂u
∂t
= λS
∂2u
∂x2
, ξ(t) < x, t > 0,
u(ξ(t), t) = um, t > 0.
On moving boundary there is Stefan condition
ρL
dξ
dt
= −λL ∂u
∂x
|x=ξ− + λS ∂u∂x |x=ξ+ , t > 0.
On the left side constant temperature greater than the phase transition value
u(0, t) = uL > um, t > 0, (7)
and initial value of temperature and moving boundary position
u(x, 0) = uS < um, x  0, ξ(0) = 0.
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In equation (1) there is no explicit Stefan condition on moving boundary. Instead, it is included
in the main heat equation by using Dirac delta function. Both problem deﬁnition are the same,
as it is presented in book [7].
Let’s take analytical solution of one-dimensional problem from works [8], [2]. It uses some
constants for describing
αL =
λL
ρcL
, αS =
λS
ρcS
,
StL =
cL(uL − um)
L
, StS =
cS(um − uS)
L
,
θ =
√
αL
αS
.
So phase transition front moving function is square proportional to time
ξ(t) = 2k
√
αLt, t > 0.
Analytical solution for problem with Dirichlet boundary condition for liquid and solid zones
u(x, t) = uL − (uL − um)
erf(
x
2
√
αLt
)
erf(k)
, 0 < x < ξ(t), t > 0,
u(x, t) = uS + (um − uS)
erfc(
x
2
√
αSt
)
erfc(kθ)
, x > ξ(t), t > 0,
where k is calculated from the transcendent equation
StL
ek2 erf(k)
− StS
θeθ2k2 erfc(kθ)
= k
√
π.
This transcendent equation root was found numerically using Newton iterative method.
We use ﬁnite element method for solving one-dimensional problem. So computational do-
main Ω is a ﬁnite interval 0 < x < l. But problem is deﬁned on semi-inﬁnite line, that’s why
to solve numerically we need to approximate it using no ﬂux condition on right side
λ
∂u
∂x
(l, t) = 0, t > 0.
By using this approximation we can compare analytical and numerical solution until time
moment t < Tmax. It was calculated experimentally for l = 10m, and next inequality is
satisﬁed
|un(l, t)− u(l, t)| < 10−6, 0 < t < Tmax = 23days.
For numerical experiment we use these values of coeﬃcients from book [10] ρ = 1400 kg/m3,
cL = 1710 J/(kg ·◦ C), cS = 1130 J/(kg ·◦ C), λL = 0.99W/(m ·◦ C), λS = 1.33W/(m ·◦ C),
L = 33500 J/kg, uL = 2
◦C, uS = −5 ◦C, q = 20411W/m2, Δ = 1◦C, l = 10m, T = 22days.
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Let’s introduce measurement for numerical results comparisons. Absolute error between
analytical and numerical solutions at time iteration n+ 1 in space L2 is
ABS(t) =
√∫ l
0
(u(x, t)− un+1(x))2 dx.
For comparing we use relative error in percents
REL(t) =
ABS(t)√∫ l
0
u(x, t)2dx
· 100%.
Let’s analyze numerical solution for one-dimensional problem with Dirichlet boundary condi-
tion. Fig. 1 shows error dependence from numbers of nodes. Error is decreased with reﬁnement
of the computational grid, for example, solution with 128 nodes have error less or equal than
1.54%. Despite implicit method, time step value inﬂuences error. Calculations with several
Figure 1: Error dependency on nodes count: 1 — 16, 2 — 32, 3 — 64, 4 — 128, 5 — 256, 6 —
512.
values of τ were performed on grid with 512 nodes and Δ = 0.5◦C. On Fig. 2 we see when τ
get smaller — error is decreasing. Delta-function approximation parameter Δ changes error on
diﬀerent grids. On Fig. 3 there are errors for grid with 512 nodes, τ = 14400 s and several Δ
values. So for Δ = 0.125◦C there is a minimum error 0.16%.
4.2 Underground construction
In this problem temperature of soil under construction is calculated. Construction was built on
artiﬁcial mound which was done with hydraulic alluvium several years ago. So permafrost layer
went deep into the ground. Geological engineering survey was done on the building territory,
and the main problem is to predict temperature distribution under the building after years of
exploitation.
Computational geometry on Fig. 4 was built using engineering soil slice through ﬁve mon-
itoring wells. So problem is two-dimensional and domain is unstructured mesh from triangles.
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Figure 2: Error dependency on time step (s): 1 — 3600, 2 — 7200, 3 — 14400, 4 — 28800, 5
— 43200, 6 — 86400.
Figure 3: Error dependency on parameter Δ (◦C): 1 — 0.125, 2 — 0.25, 3 — 0.5, 4 — 0.75, 5
— 1.0, 6 — 1.25.
Geometry was made on the GMSH open-source software. On the top boundary there is under-
ground construction with 100m × 4.5m. For comparing zero temperature line on soils under
construction and under air surface — geometry was extended to 480m × 44m. We mark this
boundaries on geometry:
green — top, values of temperature on surface depends on air temperature taking into
account heat exchange coeﬃcient (Robin bc);
red — top, underground construction values is above zero entire year (Dirichlet bc);
blue — sides, no-ﬂow condition (Neumann bc);
purple — bottom, constant geothermal gradient (Neumann bc).
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Figure 4: Computational geometry.
Average year air temperature in Yakutsk city is described in a set of builders rules [1]. That
distribution is used in boundary condition on ground surface (green boundary). Heat exchange
coeﬃcient α = 14 was got from [10].
Heat conductivity and capacity coeﬃcients for frozen and thawed zones are presented on
Table 1. The results of a geological engineering survey describe these properties of density,
porosity, and total saturation. Using that info we found needed thermal coeﬃcients of diﬀerent
soil types from building regulations [5].
Soil No. ρ, kgm3 m, - s, - λL,
W
m·◦C λS ,
W
m·◦C cLρ,
J·10−6
m3·◦C cSρ,
J·10−6
m3·◦C
2 1700 0.39 0.05 1.25 1.3 1.9 1.8
2a 1600 0.42 0.04 1.05 1.1 1.83 1.68
3 1660 0.41 0.05 1.05 1.1 1.83 1.68
4 1750 0.41 0.1 1.75 1.92 2.3 1.95
5 1660 0.45 0.1 1.45 1.62 2.16 1.8
7 1800 0.42 0.16 2.26 2.62 2.78 2.26
8 1910 0.39 0.18 2.67 2.84 3.17 2.41
9 1930 0.43 0.27 2.67 2.84 3.17 2.41
10 1920 0.43 0.27 2.67 2.84 3.17 2.41
11 1900 0.36 0.12 1.97 2.2 2.42 2.04
Table 1: Thermal properties of thawed and frozen soils.
Initial values of temperature u0(x) are measured in geological engineering wells. Phase
transition temperature is um = 0
◦C. Latent heat value is L = 60430 kJ/m3. Density of water
is ρL = 1000 kg/m
3. On the red boundary of construction temperature value is 5 ◦C entire year.
Geothermic gradient is G = 0.027 ◦C/m.
Calculation were performed on North-Eastern Federal University’s supercomputer “Arian
Kuzmin”. We made unstructured mesh with 437761 nodes. Calculation parameters were ﬁlled
with these values: Δ = 1 ◦C, T = 50 years, τ = 12h.
On Fig. 5 there is a plot from vertical line without underground construction. Boundary
condition is inﬂuenced by surface air temperature. Here we see that zero front moved upward
and after 50 years it connected with seasonal freezing layer about 1−3m. It is a good agreement
with mean freezing layer in the region of location. Under the cold winter air temperature,
unfrozen soil starts to freeze. However, we need to predict temperature distribution under the
heated construction. So on Fig. 6 there is a plot from vertical line under construction. One can
note that curves starts from 5m deep — because it is occupied by building. Under inﬂuence of
seasonal heating there is a thawing process of permafrost. Zero front is moved down to 32−33m
after 50 years. That can lead to crash accident, and engineers must do some thermostabilization
works here.
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Figure 5: Vertical slice of temperature x = 10m (without underground construction).
Figure 6: Vertical slice of temperature x = 220m (with underground construction).
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5 Future work
As a result of this research, we have computational algorithm for thawing/freezing process
in permafrost. Solver can calculate up to three-dimensional problem by using ﬁnite elements
method and unstructured meshes. In practical application there is table with soil properties,
and there is a total water saturation coeﬃcient. In this work we propose that water doesn’t
move and there is no ﬁltration in soil, so water saturation is a constant. But in real world,
there is convection of ﬂuids under several circumstances. For example, some seasonal ﬂooding,
heat convection. In porous medium such ﬁltration is modeled by using Darcy’s law. Another
ﬁeld is to model thermostabilization devices — it is a cooling tube that use natural convection
to freeze underground soils. Both issues are very actual in north regions, so taking them into
account will improve this research.
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